Abstract-In this paper, a deterministic Boltzmann equation solver based on a higher order spherical harmonics expansion, including full-band (FB) effects, is presented. An anisotropic band structure for the conduction band with an invertible energy/wave vector relation has been generated by matching several moments of the group velocity of the silicon FB structure. A generalized formulation of the free-streaming operator is presented, which is stabilized according to the maximum entropy dissipation scheme. From the numerical results for various systems such as silicon bulk, an n + -n-n + structure, and SiGe heterojunction bipolar transistors, it can be concluded that the new model improves significantly the accuracy of the Boltzmann solver compared to previous band models without degrading the numerical stability.
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I. INTRODUCTION
F
OR SCALED devices, it is well known that transport cannot be described accurately by momentum-based models (drift-diffusion or hydrodynamic models) [1] , [2] . Furthermore, hot-carrier effects cannot be described appropriately by momentum-based models. In such cases, a full solution of the Boltzmann equation is required. Although the Monte Carlo approach is the standard method to solve the Boltzmann equation, it has many disadvantages due to its stochastic nature [3] . A deterministic Boltzmann equation solver based on the spherical harmonics expansion (SHE) of the distribution function is a viable alternative to the Monte Carlo approach [4] - [10] . Although its application to device simulation was hampered for a long time mainly due to its huge memory consumption, the exponential growth of computer memory in the last decades makes this method more and more attractive. As a result, there have been considerable research efforts during the last few years [11] - [14] . In particular, the stability of the SHE solver has been improved significantly by combining the maximum entropy dissipation scheme [15] with the H-transformation [5] . In this formulation, the free-streaming operator of the Boltzmann equation is skew self-adjoint, and the corresponding system matrix for an expansion up to the lowest order has property M , which improves the stability even of higher order expansions [13] . The resultant discretized Boltzmann equation is stable even in the case of extremely scaled SiGe heterojunction bipolar transistors (HBTs) [16] .
However, up to now, the device models are restricted either to a simple analytical description of the band structure or the lowest order expansion [17] . Since it has been already found that the quasi-ballistic transport in nanoscale devices requires a higher order SHE [11] , a general higher order SHE solver, which can capture full-band (FB) effects, is required.
In this paper, we propose an anisotropic band structure for the conduction band which captures FB effects and can be used with a higher order SHE solver. This enables accurate modeling of high-energy effects like impact ionization. This paper is organized as follows. In Section II, the theory for the anisotropic extension of the conduction band is described. The relation between the newly developed band structure and the existing models is explained. Furthermore, the injection boundary condition is briefly discussed. In Section III, numerical results are shown for various systems such as silicon bulk, an n + -n-n + structure, and SiGe HBTs. The results obtained from the new band structure are compared with those from FB Monte Carlo simulations, an analytic band structure [18] , and the model proposed by Vecchi and Rudan [17] . Conclusions are drawn in Section IV.
II. THEORY
A. Anisotropic Band Structure
Since the SHE of the distribution function on an equienergy surface has many advantages over an expansion with respect to the modulus of the wave vector [11] , the Boltzmann equation is projected onto spherical harmonics for constant energies. This requires the mapping of the spherical coordinates of the wave vector space onto an energy space (ε, ϑ, ϕ), where the angles ϑ and ϕ are the same in both spaces. This is only possible as long as the mapping is unique in both directions [11] . In contrast to the valence bands [19] , [20] , the conduction bands cannot be directly expanded with spherical harmonics because the first conduction band hits the surface of the Brillouin zone at a rather low energy (0.12 eV). For higher energies, in order to incorporate some FB effects within the framework of the SHE method [11] , an anisotropic band structure is introduced.
0018-9383/$26.00 © 2010 IEEE In contrast to previous works which were based on an isotropic band structure [17] , [21] , a six-valley model, which consists of three different pairs of valleys (x-, y-, and z-valleys), is adopted in order to consider the anisotropic nature of the conduction band. The separate treatment of valleys gives further the possibility of including the impact of strain in a simple manner. Since the minima of the first conduction band are aligned along the 100 directions, the whole Brillouin zone is divided into three regions, which are represented by three different pairs of valleys, according to the biggest absolute value among k x , k y , and k z , which are the directional components of the wave vector. Each region contains a pair of two identical valleys. For each valley, it is assumed that there exists a unique inverse dispersion relation between the energy and the wave vector in the Herring-Vogt transformed k-space [22] . The inverse dispersion relation is expanded with spherical harmonics
where ν is the valley index, Y l,m (ϑ, ϕ) is a real-valued spherical harmonic function, and k ν l,m (ε) is the fitting parameter. By positioning the origin of the coordinate frame in the minimum of the valley and orienting the polar axis along the 100 axis of the crystal structure, we can assume a large share of the fitting coefficients to be zero due to symmetries. This leaves us with only positive m values which are multiples of four and even l values.
The fitting parameters are determined by matching the moments of the new band structure to an FB structure [23] by minimization of the quadratic error by the Levenberg-Marquardt algorithm [24] , [25] . The following moments are considered:
and for n = 1, . . . , 5
In the aforementioned equations, β is the band index, where the first four conduction bands are included in the calculations. The integral over the Brillouin zone is restricted to the region corresponding to the νth valley, and ε β (k) and v β (k) are the energy and the group velocity corresponding to the band index, respectively. The leading coefficient 1/2 is included to consider only a single valley instead of a pair. Note that V 0 (ε) is proportional to the average density of states. Since the relation between the energy and the wave vector remains monotonic up to 0.12 eV, the exact FB structure is used in this range. For higher energy values, the matched result is used. The derivative of k ν (ε, ϑ, ϕ) with respect to energy, which is required for evaluating the group velocity, is obtained using a backward finite-difference scheme. A positive derivative with respect to energy is enforced explicitly during the minimization procedure. Once after the minimization is finished at a certain energy value, the fitted coefficients are used for the next energy value. In order to ensure the convergence of the backward scheme, a small energy step of 1 meV is used.
The resultant fitting parameters for the anisotropic band structure expanded up to the fourth order are shown as functions of the energy in Fig. 1 . It can be seen that the coefficients k 2,0 , k 4,0 , and k 4,4 have considerable nonzero values, which represent the anisotropy of the resultant band structure even in the Herring-Vogt transformed space. The density of states per spin (V 0 ) and the average velocity (V 1 ) based on the fitted band structure are shown in Figs. 2 and 3, respectively. For comparison, the same quantities evaluated from the FB structure and the analytical band structure proposed by the Modena group [18] are also shown. Although the moments V n (n = 0, . . . , 5) cannot be fitted perfectly due to the constraint for the positive ∂k ν /∂ε, a remarkable improvement is obvious when they are compared with those of the analytical band structure.
B. Free-Streaming Operators for the Anisotropic Band Structure
In this section, the relation between the newly developed band structure and the existing models is explained. The steady-state solution of the Boltzmann equation can be obtained by balancing two different mechanisms, namely, free streaming and scattering. Since the scattering mechanisms are local in the real space [26] , we will concentrate on the free-streaming operator.
The free-streaming operator, which describes the collisionless motion of electrons, is given by
where f ν (r, k) is the electron distribution function defined on the 6-D phase space, is the reduced Planck constant, and F ν is the electric force. When the free-streaming operator and the electron distribution function are expanded with spherical harmonics on an equienergy surface, the free-streaming operator only couples the odd expansion of f ν into the time derivative of the even one and vice versa [11] . After applying the Htransformation [5] , where the kinetic energy ε is transformed into the total energy H, a component of the free-streaming operator (l is even, and l is odd) is given by
where f 
Note that the order of the subscripts in the coefficients is the same in (5) and (6) . The equivalence of the two equations can be easily shown by (15) and (16) .
When the Boltzmann equation is expanded only up to the first order (the lowest order expansion), due to (17), we obtain the following simplified expressions:
which are the basis of the first-order model developed by Vecchi and Rudan [17] . The main advantage of this model is that no explicit dependence on k ν (equivalently, on B l,m,l ,m ) appears in the balance equation derived from the Boltzmann equation. This makes it possible to incorporate the moments V 0 and V 1 of the FB structure exactly without having to define a relation between the wave vector and the energy similar to (1). In addition, only one isotropic valley is considered. However, as we have seen previously, this can be done only for the lowest order expansion.
C. Boundary Condition
At the injecting contacts, we use the Neumann boundary conditions together with a surface generation rate [13] 
where n is a surface vector pointing into the device, θ(·) is the step function, and f ν,eq is the equilibrium distribution specified by the electron quasi-Fermi level of the contact. The injected particle flux (the first term on the right-hand side) is the result of an equilibrium distribution, whereas the extracted particle flux (the second term) is due to the distribution in the device. For the implementation of the aforementioned surface generation rate into the SHE solver, evaluation of the following quantity is required:
Since v ν is not aligned with the radial direction due to the anisotropic band structure, a numerical integration is used.
III. NUMERICAL RESULTS
A SHE solver designed for the isotropic band structure [13] has been extended to the anisotropic band model. Oneand two-dimensional semiconductor devices can be simulated. The Boltzmann equation and the Poisson equation are solved self-consistently with the Newton-Raphson method, when a sufficiently accurate solution has been obtained by a relaxation loop. The resultant sparse system of linear equations is solved with an iterative matrix solver ILUPACK [27] .
The new anisotropic band model has been tested for different devices. If not otherwise stated, a fifth-order SHE and an energy spacing of 5 meV are used. For comparison, the Modena model [18] and the Vecchi model [17] are also solved. Results of the FB Monte Carlo simulations [28] are used as reference data. Scattering by phonons, alloy fluctuations, and ionized impurities are included. Constant matrix elements for phonon scattering are assumed. In order to concentrate on the effects of the band structure itself, the scattering mechanisms and related parameters used in the FB Monte Carlo simulator [28] are used Fig. 4 . Generalized energy distribution function of zeroth order calculated by the four different models with only phonon scattering and normalized to an electron density of 10 17 cm −3 . The new band structure proposed in this paper is denoted as the "FBS" hereafter. The electric field of 100 kV/cm is applied in the x-direction at room temperature. without modification. However, since the use of such parameters for Si phonons in [28] introduces considerable differences for the Modena model, for this model, its own Si phonon parameters shown in [18] have been used instead. Impact ionization is modeled with an exclusively energy-dependent scattering rate as shown in [28] .
A. Bulk System
The (phonon-limited) generalized energy distribution function, which is the electron distribution function multiplied by the density of states, is shown in Figs. 4 and 5. All three valleys and two spin directions are considered. The importance of taking into account the FB effects can be clearly seen since the Modena model predicts a much "colder" distribution compared to the other models. On the other hand, the newly developed anisotropic band model is in excellent agreement with the result of the FB Monte Carlo simulations. Although the Vecchi model produces better results than the Modena model, the hot-electron tail distribution is underestimated, particularly for the smaller electric field of 100 kV/cm.
Since the density of states and the average velocity of the Vecchi model are exactly matched to the FB data, the huge difference predicted by that model at 100 kV/cm seems to be unexpected at first. There can be two possible reasons for this. One is the isotropic band structure assumed in the Vecchi model, and the other is the restriction to the lowest order expansion of the distribution function. In Fig. 6 , the electron distribution function at 100 kV/cm is shown for three different SHE models. Note that this quantity does not include the density of states; therefore, it is unitless. In addition to the Vecchi model and the new band model with a higher order SHE, the new band model with a lowest order SHE is shown in order to see the effect of anisotropy. Except for the Vecchi model, where only one type of valley exists, the quantities for the two different types of valleys-x-valleys and y/z-valleys-are shown separately. The Vecchi model and the lowest order SHE show some difference in the high-energy region. However, the difference between the lowest order SHE and the higher order SHE is more significant than the one between the Vecchi model and the lowest order SHE. Therefore, the major reason why the Vecchi model cannot predict the correct distribution in the high-energy region is the fact that it is inherently restricted to the lowest order SHE. Furthermore, the anisotropy cannot be completely neglected.
As a result of the difference in the distribution function, the impact ionization coefficient also shows a considerable difference between the different models, as shown in Fig. 7 . The Modena model with the same scattering rate for impact ionization generates a far too low impact ionization coefficient, as expected. The Vecchi model shows a close agreement when the magnitude of the applied electric field is large, and its accuracy degrades for smaller electric fields.
B. n + -n-n + Structure
The conclusions drawn for the bulk system have to be tested for the device case. First, an n + -n-n + structure with a The error of the terminal current relative to the higher order SHE result is shown in Fig. 8 . The Modena model with a higher order expansion shows an almost-constant error of below 4% due to the difference of the band structure and the scattering parameters. On the other hand, the two lowest order SHE solutions-both the Vecchi model and the anisotropic band model-exhibit much larger errors. This confirms the fact that the calculation of transport parameters in scaled devices requires a higher order SHE [11] .
In the case of the multiplication factor, which is the total generation rate due to impact ionization normalized to the terminal current, different trends are observed. The absolute value of the error of the multiplication factor relative to the higher order SHE result is shown in Fig. 9 . The Modena model fails, as expected; however, its error is much smaller than in the bulk system. Therefore, if we adjust the transition rate of the impact ionization according to the bulk result, the multiplication factor will be highly overestimated. The two lowest order Fig. 9 . Absolute value of the relative error of the multiplication factor of the 40-nm n + -n-n + structure with respect to the new band model and a higher order SHE. 
C. SiGe HBTs
Using a 1-D-device approximation, the SiGe HBT investigated in [29] and [30] has been simulated with the different band models. The doping profile and the graded Ge profile of the investigated HBT are shown in Fig. 10 . The shift of the outof-plane valley relative to the in-plane valley, which originates from the biaxial strain for a nonvanishing Ge content, has been taken into account [31] . The missing base contact is simulated by setting the quasi-Fermi potential of the holes in the center of the base to the value of the base voltage [32] , [33] .
The improved description of the band structure enables a more accurate calculation of the transport parameters. Using self-consistent solutions, the cutoff frequency is calculated in the quasi-stationary approximation in accordance with the definition given in [34] . Under fixed V CE , the finite differences of quantities-the integrated electron density and the terminal current-are taken between two V BE values separated by 10 mV. In Fig. 11 , the cutoff frequency of the SiGe HBT obtained with the matched band structure is shown, which is very close to the FB Monte Carlo result. On the other hand, the Modena model predicts a higher peak cutoff frequency, which is about 10% in this device. Since this result of the Modena model is calculated with the same order of SHE, the difference between the two models originates from the difference in the underlying band models themselves.
In the case of the matched band structure, the error of the peak cutoff frequency is about 0.9%, compared with a simulation with a ninth-order SHE and an energy spacing of 1 meV. The CPU time for simulating this bias point is about 3400 s on a single-core workstation. The number of unknown variables is about 0.96 million after elimination of the equations for odd l. Five Newton-Raphson iterations are required to obtain convergence for which the correction of the electrostatic potential is smaller than 10 −10 V. The calculation of the cutoff frequency is particularly time intensive with the Monte Carlo simulation. In order to obtain 0.9% error of the peak cutoff frequency, a single FB Monte Carlo simulation requires about 507 CPU h on the same machine. The error is estimated from two times the standard deviation obtained from many independent simulations for the same bias point [28] , which is corresponding to a confidence level of 95.5%. Therefore, in order to obtain the same error level as the SHE solution, the FB Monte Carlo simulator requires more than 500 times longer CPU time, at least for this bias point.
Breakdown voltages are key figures of merit of SiGe HBTs, and their accurate calculation is quite important for device simulation. Good agreement of the multiplication factor with the FB Monte Carlo results is obtained for a frozen field simulation, as shown in Fig. 12 . Note that this result is obtained without any modification of the scattering mechanisms and scattering parameters originally used in the FB Monte Carlo simulation. When we employ the Modena model, on the other hand, a reasonable agreement of the multiplication factor cannot be expected. Even introducing a global scaling coefficient for the impact ionization cannot be a solution because the dependence on the collector/emitter voltage is somewhat different. Good agreement between the results of FB Monte Carlo and the new band model can be expected even for extremely scaled devices. Fig. 13 shows the multiplication factor for a scaled SiGe HBT [16] , whose cutoff frequency is about 700 GHz. The base region of the scaled SiGe HBT is less than 10 nm thick, and quasiballistic transport is observed [16] . Even for this extremely scaled device, excellent agreement is observed.
In the case of the new band model, not only the multiplication factor but also the local generation rate due to impact ionization shows excellent agreement, as shown in Fig. 14 . The generalized energy distribution shown in Fig. 15 clearly demonstrates that the ability to predict the correct distribution function is the key ingredient of the qualitative agreement seen in Figs. 12 and 14. It is worth noting that the agreement is also good at higher energies, where the matching of the moments is not perfect (Figs. 2 and 3 ). Since self-consistent Monte Carlo simulations, including impact ionization, are quite time consuming, the establishment of a new model for the conduction band, which is applicable to the SHE solver, is a very promising alternative for accurate and efficient evaluation of the breakdown voltage. 
IV. CONCLUSION
An anisotropic band model for the conduction band has been proposed in order to include FB effects within the framework of the SHE solver, and the new band model does not degrade the numerical robustness. It has been found that a SHE solver with the proposed band model gives simulation results that are very close to those of the FB Monte Carlo simulator, which is much more time consuming in the case of device simulations. In addition, it has been found that the accuracy of the Vecchi model is significantly degraded mainly due to its inherent lowest order SHE.
APPENDIX
In this Appendix, some important properties of the coefficients of the free-streaming operator are introduced without proof. Although the proof can be made also for a positiondependent band structure, the results for a position-independent band structure are shown for the sake of simplicity. For a more detailed discussion, interested readers are referred to [11] and 
where Z ν is the (angle-dependent) generalized density of states [11] . 
